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ABSTRACT 

We point out that averages of equivariant observables of 2D topological gravity are 
not globally defined forms on moduli space, when one uses the functional measure corre- 
sponding to the formulation of the theory as a 2D superconformal model. This is shown 
to be a consequence of the existence of the Gribov horizon and of the dependence of the 
observables on derivatives of the super-ghost field. By requiring the absence of global BRS 
anomalies, it is nevertheless possible to associate global forms to correlators of observables 
by resorting to the Cech-De Rham notion of form cohomology. To this end, we derive and 
solve the "descent" of local Ward identities which characterize the functional measure. We 
obtain in this way an explicit expression for the Cech-De Rham cocycles corresponding to 
arbitrary correlators of observables. This provides the way to compute and understand 
contact terms in string theory from first principles. 
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1. Introduction 



In the modern formulation of closed string theory, n-point amplitudes of order g are 
integrals of closed top-forms over A4g t n - the moduli space of Riemann surfaces of genus 
g and n marked points. These top-forms are correlators of operators that belong in the 
BRS cohomology of the underlying 2D quantum field theory. M. g , n is non-compact: its 
points at "infinity" correspond to degenerate surfaces with nodes. "Contact" terms are 
usually referred to as the contributions to the string amplitudes coming from those singular 
geometries. 

The familiar example illustrating the role of contact terms in string theory is the 
dilaton equation, a low-energy recursion relation expected to be valid in any closed string 
theory |]: 

p n p n 

/ U \x)l[O?\ Xl )) = (2g-2 + n) / (fl (**))• (1-1) 

In Eq. ( |1 . 1|) the 0| (xi) are generic observables with values in the 0-forms on the world- 
sheet. The (zero-momentum) dilaton operator af*\x) is the element of the cohomology of 
the BRS operator s which is obtained from the world-sheet Euler 2-form — via 
the so-called "descent" equations: 

8*® = *,®, sa^^da^, ^ 0) =0. (1.2) 

Equation (|1.1| ) is usually understood @ by interpreting the 2g — 2 in the r.h.s. 

as the "bulk" part of the amplitude. The n term is instead seen to arise from contacts 
between af > \x) and the operators ol°\xi) when the modulus associated with the point x 
approaches the punctures x%. 

Topological string theories describing non-critical strings with c < 1 have an infinite 
number of dilaton-like observables - the gravitational descendants - whose correlators obey 
recursion relations which generalize the dilaton equation ( |1 . 1|) . These recursion 

relations can be interpreted, in much the same way as the dilaton equation, by decomposing 
physical amplitudes into "bulk" (usually simple to evaluate) and "contact" parts (typically 
much more difficult to derive from first principles) H— H. Contact terms have been shown 
to encode much of the dynamics of topological string models describing large- N 2D Yang- 
Mills theory as well 0. Finally, the study of contact terms in models of topological gravity 
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coupled to N = 2 topological models has also led to the discovery of the '"holomorphic" 
anomaly ]TIJ. 

It seems fair to say that the world-sheet, field theoretical understanding of contact 
terms in (topological) string theories has so far remained heuristic. In concrete situa- 
tions, contact terms have been computed mainly through consistency requirements and/or 
comparison with known a priori results. It would seem reasonable to expect that contact 
terms be determined unambiguously by gauge-invariance considerations. Instead, even 
the derivation of the dilaton equation (the best understood among the recursion relations 
of string theory) as presented in ||, involves certain arbitrary choices - emphasized, for 
example, in [11] . 



In the present article, we consider the issue of contact terms in the context of 2D 
topological gravity. Here the situation is somewhat paradoxical. The solution of this model 
presented in Ref. || starts from a Lagrangian describing a free superconformal theory and 
from a set of physical observables. Averages of these observables vanish identically in 
the corresponding functional measure. The whole non-trivial content of the theory lies in 
contacts terms whose structure is derived from factorization arguments rather than from 
a direct evaluation of the functional integral. 

It seems natural to wonder if (and how) the information about such contacts is encoded 
in the original - vanishing - functional measure, or if extra, hidden choices, beyond that 
of the Lagrangian, are necessary to determine the values of the contacts. 

In this paper we show that the physical principle that fixes contact terms ambiguities 
is the vanishing of global BRS anomalies. This requirement turns out to be non-trivial since 
we will prove that averages of observables - though generally vanishing in the functional 
measure considered- are not globally defined on M. g , n - The technical novelty of our analysis 
with respect to previous treatments of topological gravity is formulating the quantum 
theory in a general covariant background gauge. This allows us to probe the dependence 
of correlators on the gauge-slice. 

A familiar feature of non-Abelian gauge theories is the existence the Gribov horizon, 
that is the lack of a global gauge-slice. The Gribov horizon is the locus in orbit space where 
the Fadeev-Popov measure degenerates. This would coincide, in the case of topological 
gravity, with moduli space itself, since the antighost zero modes cause the Fadeev-Popov 
measure relative to the local fields to vanish identically. In order to gauge-fix these zero 
modes, the action of BRS operator needs to be extended to global quantum mechanical 



variables associated to the moduli and supermoduli. Since string theorists might be unac- 
quainted with such an explicitly BRS-invariant procedure to gauge-fix the antighost zero 
modes, we review it in section 2. 

The new Fadeev-Popov measure, including both the local fields and the global quan- 
tum mechanical variables, is generically non-degenerate. The Gribov horizon associated 
to it has codimension one in moduli space. This implies that the functional integral de- 
fines correlators of observables which are local closed top-forms on -M SiT1 . In order that 
the correlators have physical meaning, however, such locally defined forms must be local 
restrictions of forms which are globally defined. For this to be true the observables must 
satisfy suitable conditions. In closed string theory this condition is known, in the context 
of the conformal gauge, as the equivariance condition || . In a covariant framework the 
condition is equivalent to the request that observables be reparametrization-invariant 
[|T^1 . Nevertheless, in the case of topological gravity, functional averages of equivariant 
(i.e. reparametrization-covariant) observables are not in general globally defined. We will 
demonstrate this by deriving the Ward identities associated to finite reparametrizations of 
the background gauge. This phenomenon is originated by the dependence of the observ- 
ables on derivatives of the super-ghost field. 

Even if functional averages of equivariant observables are not globally defined, it is 
still possible to associate to them globally defined forms by resorting to the Cech-De Rham 
notion of form cohomology. The idea is to derive from our "anomalous" Ward identities 
a chain of descendant identities defining a local cocycle of the Cech-De Rham complex of 
M- g ,n- A well-known construction of cohomology theory leads from this local cocycle to a 
globally defined form. The integral of the globally defined form receives contributions not 
only from the original local top- form (which vanishes in the superconformal gauge), but 
also from the tower of local forms of lower degree that solve the chain of Ward identities. 
The contact terms are, in this view, precisely the contributions of the descendant local 
forms to the globally defined integral. They compensate the lack of global definition of the 
original top-form correlator. 

The paper is organized as follows: in section 2, we review the definition of the 
theory and of the observables, and present the construction of the Lagrangian in a 
reparametrization-covariant framework. Essentially, this Lagrangian is the background- 
gauge version of the Lagrangian of Ref. || which was written in the superconformal gauge. 
In section 3, we derive and solve the Ward identities relative to finite reparametrizations 
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of the background metric. In section 4, we recall the notion of Cech-De Rham cohomol- 
ogy and exhibit its relevance to the case at hand. By solving the Cech-De Rham chain 
of Ward identities we arrive at an explicit expression for the Cech-De Rham cocycles as- 
sociated to arbitrary correlators of observables. In section 5, we show that the Cech-De 
Rham expression for correlators we obtained from the local Ward identities agrees with the 
algebro-geometric definition of correlators in terms of intersection numbers of cohomology 
classes on moduli space. In sections 6 and 7 we apply our general formulas to some simple 
correlators to verify the agreement with the dilaton and puncture equations of Refs. @] > • 
The goal of this exercise is to show that in this framework the computation of contact terms 
does not involve ambiguities or arbitrary choices, but is completely combinatoric. 



2. Lagrangian and BRS identities 



Two-dimensional topological gravity [13|,[14] is a topological quantum field theory 



characterized by the following nilpotent BRS transformation laws ||15|| , [|T6 l 



sc 11 = \c c c» + y 



(2.1) 



where is the two-dimensional metric, ip^ v is the gravitino field, d 1 is the ghost vector 
field and 7 M is the superghost vector field; C c and £ 7 denote the action of infinitesimal 
diffeomorphisms with parameters &" and 7 M respectively. 

A class of observables, local in the fields g^v^^v-,^ and 7 M , can be constructed 
ilfl,|il|1,P[,P[,P,Pl starting from the Euler two-form 



1 

8tt 



y/gRe^dx 11 A dx v , 



(2.2) 



where R is the two-dimensional scalar curvature and is the antisymmetric numeric 
tensor defined by e±2 = 1. Since s and the exterior differential d on the two-dimensional 
world-sheet anti-commute, the two-form in Eq. ( |2.2|) gives rise to the descent equations: 



(2.3) 



sa 



(°) =0. 
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The O-form cr*- ** and the 1-form are computed to be 



-c^c v R + (PDpW - g vp tp°a) + - jM Vf 



a(1) = h^ v [ ° VR + ° pirP ~ gVP ^ )] dx ^ 



(2-4) 



is a non-trivial class in the co ho mo logy of s acting on the space of the 
reparametrization-covariant tensor fields. One can verify explicitly that such cohomol- 
ogy is in one-to-one correspondence with the semirelative state BRS cohomology defined 
on the state space of the theory, quantized on the infinite cylinder in the conformal gauge 
0- 

Since the superghosts 7 M are commutative, one can build an infinite tower of cohomo- 
logically non-trivial operators by taking arbitrary powers of a^: 

4°) („«>)» (2-5) 

with n = 0, 1, . . . The corresponding 2-forms 

^ = n(a^r-^ {2) + ^^(4 0) ) n -V« A <tf > (2.6) 

all belong in the s-cohomology modulo d on the space of the reparametrization-covariant 
tensor fields. 

In order to evaluate correlators of observables a n , the choice of a Lagrangian is re- 
quired. The theory being topological, the choice of a Lagrangian amounts to fixing the 
gauge. 

The gauge fixing choice is of course dependent on the gauge freedom, which in turn 
depends on the particular correlation function being computed. Indeed, if all the involved 

(2) 

observables correspond to the integral over the Riemann surface of 2-forms such as a n , 
the gauge freedom corresponds to the whole set of supercoordinate transformations on the 
Riemann surface. But if the observables involve the local operator <7n\x) at some point x, 
we have to restrict the gauge freedom to supercoordinate transformations that leave this 
point fixed; correspondingly, the fields c and 7 must vanish at this point. This, of course, 
transforms the Riemann surface into a punctured surface. We must also remember that in 
the case of a sphere the gauge group should not include the isometries of the sphere; there- 
fore the gauge supercoordinate transformations should leave three distinguished points 
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fixed; some or all of these points could possibly coincide with the position of some local 
operator. An analogous remark holds true for the torus. 

In the following we shall limit our analysis to the case of local operators, therefore the 
fields c and 7 vanish in a set of points including those where the observables are sitting. 
In this situation the coordinates of the fixed points, with the exclusion of three of them 
in the case of the sphere, and of one of them for the torus, are among the moduli of the 
punctured surface. One should also notice that, due to the local vanishing of c and 7, the 
0-form cr(°) reduces to: 

a(0) ^ 6 ^( D ^ ~ ( 2 - 7 ) 
Let M.g, n be the moduli space of two-dimensional Riemann surfaces of a given genus 
g, and let m = (m 1 ), with i = 1, . . . ,6g — 6 + 2n, be local coordinates on M. g , n - Fixing the 
gauge means choosing a background metric rj^(x;m) for each gauge equivalence class of 
metrics corresponding to the point m of M. g ,n- 
It is convenient to decompose r\^ v as follows: 

T)fj, v {x\m) = y/rjf)^(x;m) = e' p f} tll ,(x; m), (2.8) 

with det(r)) Mi , = 1; g^ u is given by the analogous definition for g^ v . We also introduce the 
tensor density 

$» v = y/gW-lg^Z), 

in correspondence with the traceless part of the gravitino field. 

77^ „ defines a gauge-slice on the field space whose associated Lagrangian reads as 



follows 20 , 21 



£ = * [IM^ - vT) + \PAV U - dpvn + xdvWdvfr - <p))\ . (2.9) 

In Eq. ( |2.9|) we have introduced the "exterior-derivative" operator 

d = l — 

p dm 1 ' 

where p l are the anticommuting supermoduli, with % = 1, . . . , 6g — 6 + 2n, the superpartners 
of the commuting moduli m l ; b^ v , (3^ and x are the antighost fields, with ghost numbers 
— 1, —2, and respectively. Their BRS transformation laws are given by 

s = A M „ s = 

8/3^ = 1^ sL^ = (2.10) 

sX = £cX + k s it = C c it - £ 7 x, 
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where A MI/ , and tc are Lagrangian multipliers. 

At first sight it would seem that the Levi-Civita connection in the covariant derivative 
acting on 7 in (|2.7[) , causes (x) to depend on the Liouville field <p(x) defined in Eq. (|2.8|) . 
However, the vanishing of 7 at point x kills the term in cn ) dependent on the connection; 
therefore the local observables are actually invariant under Weyl transformations, that 
is under (f(x) translations. Considering now the path integral that defines the correlation 
functions and integrating out the Liouville field and its superpartner (whose respective 
functional determinants cancel by supersymmetry) one obtains a functional measure which 
depends on the reduced, Weyl-invariant, background metric ff v '(x;m) but not on <p(x). 

The moduli and the supermoduli are quantum mechanical variables, which should be 
integrated over to obtain the gauge-invariant correlators. It is therefore natural that they 
transform under the action of the BRS operator s, according to the following transforma- 



tion laws 22 , 20 



sm l =C sC l =0 

(2.11) 

S p* = -r sf =0, 

where C 1 and Y % are respectively anticommuting and commuting Lagrange multipliers. 

It is easy to check that the action of s on the background metric in the Lagrangian ( |2.9| ) 
produces exactly the antighost insertions necessary to gauge-fix the degeneracy associated 
to the zero-modes of the antighost fields. 

The Lagrangian in Eq. (|2.9|), written out in extended form, reads: 



+ \$» v [(C c (3)^ + *v + 2d ltX d v (<p - <p)] 
+ nd^d^ip - <p)) - xd^d^') 

+ \P^d T r u + \b^d c r v + \P^d p d c r v + xd^ v d v d c (p), 



(2.12) 



where 



$ = D a c a + Ul, (2.13) 



and where the notation dn = O 'jt-t and dr = Y 1 it-t has been introduced. 

am 1 1 am 1 

Integrating out the Lagrange multipliers A Ml/ , L^, % and x forces the metric and the 
gravitino field to take their background values, 

g^^fj^, cp^ip, ^^d p ri^, Ul + T) a c a ^d c <p, (2.14) 
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and the Lagrangian becomes 

(2.15) 

+ M W - dpff") + P^drfT + P» v d p dcfF v } ■ 

In the following we will repeatedly make use of the fact that, when the observables 
do not contain the antighost zero modes few, integrating them out introduces into the 
correlators the factor 

n<5(C*-p 4 ). (2.16) 

i 

If moreover there are no antighost zero modes /3W and no antighost fields b^ in the 
observables, one can integrate out /?W as well. This produces a further factor 

n*(r*). (2.17) 

i 

We will consider correlators of the operator- valued 0- forms ( |2.5| ) obtained by functional 
averaging with respect to the local quantum fields and the C l and T l multipliers, collectively 
denoted by $, but not with respect to the moduli and supermoduli m % and p l : 

Z(m* ]P *)=(j[a^(P lk )) 

r (2-18) 

J k 

The 0-form a^j sits on the point Pi k of the world-sheet manifold; therefore Z{rn L \p L ) also 
depends on the choice of the i\'s. We are not considering this dependence explicitely 
since it will disappear after moduli integration. 

Because of ghost-number conservation, Z(m' l ;p l ) is a monomial of the anticommuting 
supermoduli: 

Z(m l -tf) = ^...^V 1 ■ • -P lN , (2-19) 
where iV is the total ghost number of observables er^: 

N = ^(ghost#4 0) ) = 2^>- (2.20) 



Under a reparametrization rh l = m l {m) of the local coordinates m % on the moduli space 
■M g ,n, the supermoduli transform as: 

drh % ■ 
V = -K—P- 



We thus identify the anticommuting supermoduli with the differentials on the moduli space, 
i.e. p l — ► dm 1 . Correspondingly, the function Z(m l ;p l ) of the moduli and supermoduli can 
be thought of as an iV-form on the moduli space Aig <n , at least locally on Ai 9jn . The 
question of whether or not such a local form extends to a globally defined form on M. g , n 
will be discussed in the next section. 

Assume for the moment that the form Z(m' l ;p t ) is globally defined on Ai 9j n- Whenever 
the following ghost number selection rule is satisfied, 

N = 2^i k = 6#-6 + 2n, (2.21) 

k 

Z(m l ;p' 1 ) defines a measure on A4g jn , which can be integrated to produce some number. 
The collection of these numbers encodes some, at least, of the gauge-invariant contents of 
2D topological gravity. 

It is easy to show that the action of the BRS operator s on the quantum fields $ 
translates into the action of the exterior differential d p = p % di on the forms Z(m l ;p z ). 
More precisely, one can prove the following Slavnov- Taylor identities: 

(i) sO($')=0^d p (O(&)) = 

(2 22) 

(it) 0(*') = sX(&) =► (0(<&')> = d p (X(&)), 

where 0(<&') and X(<&') are operators that depend on the fields $' other than C l and T l 
and do not contain the antighost zero modes and the antighost field b. 

Let us prove, for example (i). Denote by (O)' the average with respect to the local 
fields $' only, without integrating over C l and T l . Then 



^° ^ dp i 



= (sO^'))' (2 ' 23) 
= 0. 



Since, under the state conditions, (O)' is proportional to Yl{ ^(C l — p l )5(T l ), by integrating 



both sides of Eq. (|2.23| ) with respect to the multipliers C l and T l , one obtains (i). The 



proof of (ii) is analogous. 
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3. The main Ward identity 

The background metric rj^ix^m) cannot be chosen to be a everywhere continuous 
function of m. In fact ^^(x; m) is a section of the gauge bundle over Ai g , n defined by the 
space of two-dimensional metrics on a surface of given genus and n punctures. This bundle 
is non-trivial and therefore does not admit a global section. It follows that Tj^ v {x; m) must 
be a local section of the bundle of two-dimensional metrics. Let {U a } be a covering of 
M. g ,n of open neighbourhoods of M. g , n , with \} a lA a = -M.g,n- The background gauge is 
defined by a collection {rj£"(x; m)} of two-dimensional metrics, with each rj£ u (x] m) locally 
defined, as a function of m, on U a . The functional average in Eq. ( |2.18| ) defines local closed 
forms Z a (m l ;p l ), on each open set U a . 

The collection of local forms {Z a (m l ;p' 1 )} corresponds to a globally defined form 
Z(m l ;p l ) on Ai 9jn if and only if 

Z a (m l ;p l ) = Z b (m l ;p l ) on U ab =U a nU h . (3.1) 

We will see that for general operators and background metrics, {Z a (m' l ;p' 1 )} does not 
satisfy Eq. ( |3.1j ), but rather an equation of the more general form: 

Z a (m t ;p l )-Z b (m t ;p*)=d p S ab (m l ;p l ) on U ab =U a nU b . (3.2) 



When S ab {m l ]p l ) in Eq. ( |3.2|) is non-vanishing, {Z a (m l ;p 1 )} does not define a global 
form Z{m % \p % \ which could be integrated over M. g , n to give a gauge-invariant expectation 
value. Under such circumstances, one has to resort to the Cech notion of form cohomology 
in order to obtain a gauge-invariant definition of the "integral" of {Z a (m l ; p 1 )} over M. g , n - 
This will be illustrated in the next section. Here, we will derive a general formula for the 
Sabijrt'iP 1 ) appearing in the Ward identity (|3~2|). 

Two background metrics r]£ u and rj£ v are related on the intersection U ab by a com- 
bination of a diffeomorphism and a Weyl transformation. One should remember however 
that we are considering in Eq. ( |2.18|) expectation values of observables that involve only 
the 0-forms ( j2.7| ) which, as explained in the previous section, depend on the reduced, 
Weyl-invariant, background metric i)^ v {x;m) but not on (p{x). Therefore we only need to 
consider the Ward identities relative to diffeomorphisms of the background reduced metric 



fj^ v {x; m). 
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Let therefore O be the observable 

n 

= ]\<r!$(xi) (3.3) 



i=i 



of total ghost number Y2i = 2iV\ The Ward identity that we will prove in this section 
reads as: 

(8{0)) ah = {0) b -{0) a = d p J dt J d[$]e- s «®(l b -l a )0(c,y,g,j>). (3.4) 

Let us first explain the notation used in Eq. ( |3.4| ). (0) a and (0)t> denote the functional 
averages of O with backgrounds f)£ u and f) b xu respectively. 

S a b(t) is the following action depending on the real parameter t 

S ab (t) = So-sj d 2 x[3^[t(£v b f) r" + (l-t)(£v a f) r"], (3.5) 

where we introduced a third background fj^ and the corresponding action So. f)Q U is 
related to the backgrounds f]^ u and f}^ u by two diffeomorphisms: 

x a ^x (x a ;m), x h -> x (x b ;m), (3.6) 

which may in general depend on m and which define the following forms v a and v b on 
M. g ,n with values in the vector fields on the world-sheet: 

V a = P %v i a = ®i x ( x a'i m )\x a =x a (x ;m) 

(3-7) 

h =V l v% = diX^(x b ]m)\ Xb=Xb(xo . m) . 
Finally I a and I b are operators which shift the ghost field 7^ by v a and v b , i.e. 

h = ~J d 2 xv»(x)^(x), (3.8) 

and analogously for I b . 

Before plunging into the derivation of our Ward identity (|3.4| ) we will specialize it to 
the case when O = . Since the general observable has the product structure (|3.3|) , the 
action of I a on it will be expressible in terms of the action on the operator a| ^. If we 
introduce the transition matrix 

r)r v 

(M )/ es ^| (3.9) 
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and define analogously the matrix M&, the Ward identity (3.4) becomes, for O = a[ , 
(S(a^)) ab =d p (I b a^) -d p (I a a[ 0) ) 



1 



(3.10) 



It is convenient to take the coordinates xo(x a ; m) to be isothermal complex coordinates rel- 
ative to the complex structure m. That is, let xo(x a ; m) = (Z m (z a , z a ; m), Z m (z a , z a ; m)), 
with x a = (z a , z a ) and 

dZ m <S> dZ m = |A a | 2 (<i2: a + Hadz a ) <g> (dz a + jjL a dz a ), (3.11) 

where \x a and A a are corresponding Beltrami differentials and integrating factors. Then, 
the transition matrix M a becomes 

< M °^=U;„ ~ x t )■ (3l2) 

and the action of the operator I a on cr(°' ) reads 



Eq. (|3.4| ) implies that {Z a (m' l ;p' 1 )} is the restriction of a globally defined form only for 
those backgrounds {fj a } for which v a = Vb- This condition is equivalent to the requirement 
that {f)a} be a modular invariant global section on the space of reduced metrics over 



Teichmiiller space [20], [21]. By this we mean that values of the section at points related 
by modular transformations must differ by difleomorphisms which are independent of the 
Teichmiiller point. In special cases - for example, on -Mi 5 i - sections {fj a } with this 
property can be found. Correspondingly, the local forms {Z a (m l ;p 1 )} associated to the 
correlator (o"i) s= o match on the various patches of moduli space to give a globally defined 
form [2lf. However, for M. g , n with g and n generic, local sections with this property do not 



exist. In fact the existence of a section with the stated property would imply the existence 
of a homomorphism from the mapping class group into the group of diffeomorphism. 

Actually, the absence of modular invariant sections is fortunate since the local expec- 
tation values (0) a vanish for almost all observables, as we will explain in detail in the next 
section. Or, turning things around, the fact that correlators of topological gravity are not 
trivial proves indirectly that there is, generally, no section for which (0) a glue together 
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to produce a globally defined form. One must therefore live with the general situation in 
which the r.h.s. of Eq. (|3.4| ) does not vanish. In the next section we will explain how to 
recover a global form starting from ( |3.4|) and from a tower of descendant Ward identities. 



PROOF OF EQ. (13T4|) . Let $o0), $a0) and $ b (x) denote collectively the quan- 
tum fields in the coordinate systems xq, x a and Xb respectively; $0(^0) and $ a (x a ) are 
related by a diffeormorphism xq = xo(x a ;m), which generally depends on m. The same 
diffeomorphism relates the background ff^ and fj^ v : 



f)% u (x a ;m) 



I f) />i M f) nr* l J 



det (fe) dx o 9 4 



(3.14) 



From Eq. (|3.14|) one derives the transformation law for the derivatives of the background 
with respect to the moduli: 



difj% v (x a ;m) = 



^ 7 r^(d l % p (xo-,m) + (C K f, r(x -,rn)). (3.15) 



dm 1 det(||^-) dx a Q dx p 
Let So denote the action defined via the background metric i)^ ', that is 



S = sjd 2 x [b^W - fft")(x ) + - d p ^)M] 

d 2 x [A M i/(^ -r)o !y )(x ) + L^v^ 1 ' -d p f}Q U ){x ) 
-b^(r v + {C c gr v -d c ^ v ){x Q ) 

where it should be recalled that 

d d d 

d P =p 1 — , d c = C — , d r = r 



(3.16) 



dm 1 



dm 1 ' dm % 
The crucial identity relating So to S a is 

S a ($a) =\s -s [ d 2 x /VO^oH (cq - v a ; A - Cy a b ; L Q - CyJ ; $(,), (3-17) 



where $ denote the fields in the xq coordinate system other than c M , A^„ and L^, and 
we defined v a = C % v % a . 

The identity (|3.17| ) can be verified directly. A more conceptual way to understand 
it is to recall that the BRS operator s includes an exterior derivative with respect to the 
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moduli and that the relation between the fields $ a and the fields $o involves m-dependent 
transition functions. Therefore the s-variation of a field in the x a reference frame does not 
transform covariantly when expressed in terms of the fields in the xq reference system. If 
one writes s$ a = $ a for the s-variation of the fields in the x a reference system, one finds, 
by a calculation identical to the one leading to Eq. ( |3.15|) , that 

s$o = £o-£« $o, (3.18) 

where $o is obtained from $ a by means of a general coordinate transformation. To give 
an example, egg" = (C Co g )^ u + ^ v - /^go- 
Comparing Eq. ( |3.18| ) with the BRS transformation laws, Eqs. ( |2.1| ), ( |2.10j ), one sees 
that the Lie derivative in the r.h.s. of Eq. ( |3.18| ) can be reabsorbed in the operator s by 
means of the following redefinition of the c ghosts and the Lagrangian multipliers : 

c M = c '-^, A MI/ = Afj, u - (CeMnu, Lp V = L liV -(£$ a po) li v (3.19) 

For example, sg% u = (£c o -s„0o) /iI ' + fy" '. 

Thus, taking into account the transformation law of the background Eq. ( |3.15| ), one 
obtains for the action in the background fj a : 

S a = s [ d 2 xo[(M^(^r-C)(^o) + (^o)M.(^r-^C-(A^o)^)(^o)], (3.20) 



where the operator s acts on the fields $o according to Eq. (|3.18|) . But since, after the 



redefinitions in Eqs. ( |3.19[ ), the action of s on the fields $o is the standard one, Eq. ( pP 
is equivalent to the identity ( |3.17| ). 

From now on, let us restrict ourselves to observables O which are reparametrization- 
invariant and independent from the Lagrangian multipliers and L^ v . The functional 
average (0) a in the background fj a can be rewritten in terms of the averages in the back- 
ground fjo by means of the identity (|3.17| ) and after a suitable change of integration vari- 



ables: 



(0(c, 1 ,g^n)a = J dl$}e- S0+s f d2x ^ (C ^"O(c + v a ^,gJn- (3-21) 
In a similar way, we derive 

(0(c, 1 ,g,V u ))b = J d[$}e- So+s J d2x ^ { ^ or " Oic + vt^rg^n- (3-22) 
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At this point we need to spell out a further crucial requirement that must be satisfied 
by the observable O, that is 

O(o + v a , 7, g, V v ) = 0(c, 7, g, V v \ (3-23) 

The coordinate of the points of the world-sheet where the local observables are inserted do 
not change under the reparametrizations (|3.6|), i.e. vAxA = 0, at the points Xi where the 



x 



are considered. Therefore the condition ( |3.23|) is satisfied whenever the observables 
do not depend on derivatives of the ghost c. This is of course the case for the , which 
are the observables studied in this paper. Eq. ( |3.23| ) is the equivariant condition in the 
present context and is equivalent to the b$ -condition of the operator formalism [12 . 
Thus, assuming Eq. (|3.23|) , we arrive at 

(0) b -{0) a =j dt Jd[$}j t e- s ^O 

= j\t J d[$][s J d 2 xP^((C^ r - (4^) F )]e"^WO (3.24) 
= J dt J d[$]s[J rf 2 x^((/:, b 77o)^-(£^77o)^)e- s -Wo], 



where S a b(t) is the interpolating action defined in Eq. (|3T5|). 

Notice that the functional integral of an s-variation would vanish if only the action 
of s on the local fields (Eqs. ( |2.1|) , ( |2. 10| ) ) were considered. However, since s acts also on 
moduli and supermoduli (Eq. (|2.11| ) ), a non- vanishing result is obtained: 





{5(0)) ah = j\t j HdC'UdT^de-T" 



(3.25) 

J d[^'} J rf 2 x^((£, a 77o)^-(/:, b r}o)^)e- s -WO, 

where denotes the functional integral with respect to the fields other than C l and 

r\ As stated before, O does not depend on A Mi , and thus one can safely substitute 
with r) Ml/ in the functional integral in the r.h.s. of Eq. ( |3.25| ). Moreover, I a S a b(t) = 
J d 2 x P^(Ca a g) tlL ' and hS a b(t) = f d 2 x (3 tlL ,(C{, b g)^ , where I a and h are the operators 
defined in Eq. ( |3.8| ). Therefore 



(S(0)) ab = - fdt j\{dC\{d^{d c -Y k ^) [dm[(I a -I a )e- s ^}0 



(3.26) 
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Finally, since O is independent of A^, L Mi ,, h^ v and the functional integral in 
the last formula is proportional to JX — C z )5(T l ) and hence one arrives at the Ward 
identity (gg). 



4. Cech-De Rham cohomology and contact terms 

We have seen in the previous section that, for a generic background gauge {f) a } with 
m-dependent transition functions M a (x;m), the collection of local forms {Z a (m l ]p 1 )} is 
not the restriction to the cover {U a } of a form globally defined on M. g , n - We want to show 
in this section that the Ward identities ( |3.4| ) , together with a whole chain of "descendant" 
Ward identities, contain the necessary geometrical data to define a global closed form on 
the moduli space. 

Let 2N be the degree of the local forms Z a (rri l ;p l ), i.e. the ghost number of the 
observable 0(c, 7,^, if)). It is convenient to introduce formal anticommuting variables £ a 
and to collect the local forms Z (m*;p*) into one single object: 

a 

Zq 2N ^ is an element of C (A4 g ^ n ; fi( 27V )), the space of 0-cochains with values in the local 

2iV-forms of M. g>n . One defines analogously C q {M. g ^ n ] fi( p )) as the space of g-cochains 
7 (p). 

zf= 41a ? r°r (4.2) 

a <ai <---<a q 
(p) 

with values in the local p-forms Za ,,, aq defined on the g-fold intersections U aoai ...a q = M ao H 
U ai . . . fl U a . (In Eq. ( f4.2|) one is assuming that the set where the indexes ao, ai, . . . , a q 
take values is ordered.) 

By introducing the nilpotent coboundary operator 



* = (4-3) 



one can recast the Ward identity (3T1) in a compact form 



5Z ( 2N) =d P z[ 2N ~ 1} - (4-4) 
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Since d p and the coboundary operator 5 anticommute, Eq. (JOj) implies the existence of 
the familiar chain of descent equations: 

5z {2N) = d p z[ 2N ~ 1] 



= d p zf N ~ 2) 



UZj 2N-l ~ u P Zj 2N 

6Z$j> = 0, 



(4.5) 



where Zq 2N ^ is a g-cochain with values in the space of local (2iV — g)-forms defined on 
the g-fold intersections U aoai ...a ■ 

Let {Zq 2N \ Z^ N , . . . , -^2iV-i' ^2n} b e a solution of the chain of Ward identities in 
Eq. ( |4.5|) , and consider the following object: 

Z D = Z {2N) + Zr _1) + • ■ ■ + Zfl (4.6) 

Zd is a cocycle of the Cech-De Rham complex C*(.M Sjri ,; O*) = © p , g >oC 9 (A / ( 3in ; 
fi p ). This is the complex equipped with the nilpotent operator D = d p — 5. (Recall 
that the variables £ a anticommute by definition with the exterior differential d p .) In fact it 
is easily proved that the Ward identities ( |4.5| ) are equivalent to the single cocycle equation 



DZ D = 0. (4.7) 

A well-known result of cohomology theory is that the cohomology of the Cech-De Rham 
complex is isomorphic to the De Rham cohomology of globally defined forms ||23|| . This 
means that given a solution of the Ward identities ( fOQ , ( |4.7D one can construct a globally 
defined closed form on Ai g , n - The equivalence of Cech-De Rham cohomology and De 
Rham cohomology rests on the existence of the homotopy operator 

a 

where p a {m) is a partition of unity on M. g , n \ K has the obvious but fundamental property 



{K,8} = 1, 
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(4.9) 



so that it acts on cocycles as the inverse of S. One can use K to solve the last of the 
equations in (|4.5| ), and write 

ZW=6KZ<®. (4.10) 



Plugging this expression into the equation before last in ( |4.5|) , one obtains: 

6(zM_ 1 +d p KzM) = 0, (4.11) 
which again can be solved in terms of the homotopy operator: 

4n-i = -d P KZ$% + 8KZ { ^_ X + SKdpKZ^. (4.12) 



Continuing in this way, it is possible to climb the chain (|4.5| ) up to the top, and to derive: 

/q=2N \ 

5 {d P K) q Z^ N - q) = 0. (4.13) 

rglobal \ 



Equation ( |4.13[ ) implies that the components (Zq ° a ) a of the following 0-cocycle 



global = ^(Z 9 lobal ) a = Z {2N) + d p KZ[ 2N ~ 1} +■■■ + (d p K) 2N Z^ (4.14) 

a 

are the restrictions to tl a of a globally defined form Z 9lobal on M. g , n - 

Suppose now that the degree 2N of the globally defined form Z 9lobal equals the di- 
mension 6g-6 + 2n of M g , n . Then, Z 9lohal can be integrated over M. g ^ n and this integral 
can be directly expressed in terms of the solutions of the Ward identities (|4.5| ). Let {C a } 
be a cell decomposition of M. g ,m with C a C U a , and let C aoai ...a q = nf =1 C ai of codimension 
q in M. g ,n oriented in such a way that the boundary of a cell dC aoai ...a q satisfies: 

where we have introduced the convention that C aoai ...a is antisymmetric in its indices in 
the sense that it changes orientation when exchanging a pair of indices. We have defined 
in this way (/-chains of cells of codimension q that are adjoint to the g-cochains defined 
above. Indeed, given a (/-chain and a g-cochain, we can define the integral: 



z (2N- q )= / (Z^-iA . (4.16) 

u <3 a <a 1 ...<a q ° { - a o a i - a q 



a ax...a q 
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Taking into account the anticommuting variables £ a introduced above, it is clear that this 
integral can be interpreted as a combined ordinary and Berezin integral, that is: 



= V / d^...dC°- (4-17) 

L 9 Oo<ai...<Og o 0°l-" a 9 



Exploiting this formalism and the identity 



sf + (-l) q f 5=^ / dC^-.-dr, (4.18) 

^' a ai...a„ ^ a o a i ■■■ a q 



it is not difficult to prove that 



d v Zf N ~^ = / 6Z<? N -«\ (4.19) 

J Cq + 1 



Using Eqs. (|4.14| ) and (|4.19| ) the integral of the globally defined form Z 9lobal is expressed 



in terms of the integrals of the cochains satisfying the Ward identities ( |4.5| ) : 

, q=2N 

/ E / (^-^...v ( 4 - 2 0) 

./.M„ 



<j=0 a <ai...<a 9 " C°-o a i 



In the previous section we derived the following expression for z[ 2N . 

( Z i N ~ l) ) ab = f Q dt j dme- s °»W{l b -I a )0. (4.21) 



By repeated use of the main Ward identity (|3.4| ) one can derive an analogous formula for 
the Z? N ~ 9 \ 

Let us introduce the interpolating action 

q f v 

S ao ...a q (to, ■ ■ ■ ,t q ) = S - s ^2t k / d 2 x(3^(Cy ak fj ) >1 '' , 

k=0 J 

depending on the q + 1 real parameters %. Let us also use the notation 

>1 <? ,9 



(4.22) 



«O»a ,..,a 9 = / II dt k 5(j2t k -l) ! d[Q]e 

JO i — n i — n J 



Sa Q ...a g (t ,--;tg) Q 



k = fc=0 
1 pi— to rl—ti—...—t q -2 

dto / dti . . . / <it g _i 
{> Jo Jo 

J d[^]e~ Sa °-- a ^ to '-' t9 - 1 ' 1 ~^'Uo t ^O, 



(4.23) 
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for the functional average of the observable O with the interpolating action ( |4.22| ) together 
with the integration over the parameters with the measure specified above. 

In Appendix A, we prove the following formula for the components of the cochain 



(zf N - q) ) = S(-l)*«Jao • • -iau ■ ■ ■ Ia q O))ao...a q , (4-24) 

V Ja ...a q k=Q 

where the check mark above I ak means that this term should be omitted. 

It is clear from this expression that the last non-vanishing cochain in the descent ( |4.5| ) 
is zffl , since each of the operators I ak eats up one 7 field. From Eq. ( [4.24] ) we have 



N 



( Z N) ao ,..., aN = £(-l)'«/oo • • • 4 • • • Ia N O)) a0! ..., aN . (4.25) 



1=0 



Since I ao . . . I ai . . . I aN does not contain the gravitino field but only the metric field, its 
functional average with the interpolating action ( [1.22 ) is independent of the tk parameters. 
Moreover 

/ n^E**- 1 )^- (4 - 26) 

J ° k=l k=0 

Therefore 

4*° = (4.27) 
where S^2i is the (N — l)-cochain with values in the iV-forms 



^-i = m E r •••r jv (/a 1 ... i aN o) 

ai<...<ajv 

= ( / Vl) 2 E r---C N (Ia 1 ...Ia N O) (4.28) 

ai ,...,ajv 

(-1)^^ (I N O)o, 



and we introduced the operator / = ^2 a £, a I a - 

Recalling the product structure (|3.3| ) of the observables, one finally obtains 

i ^r^ 1 (jv-i)jv t — r 

i 
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where f(xi) is the O-cochain with values in the local 1-forms of M. g , n defined by Eq. ( |3.13|) , 
that is 

(4.30) 



It should be noted at this point that the expectation value of the superghost 7 vanishes 
in the functional measure that we are considering (Eq. ( |2.12| )). The reason is that the 
field (3 conjugate to 7 appears only in the supercurrent C c f3. However, this latter term is 
zero inside any correlator since it is linear in c and no antighost b is present either in the 
measure or in the observables. 

It follows that expectation values (0(c, 7, ■?/>)) a = (Y[k a nk)a all vanish, with the 
exception of those containing exclusively dilatons and puncture operators. (Such 
exceptional correlators can only occur in geni and 1.) In fact, these exceptional correlators 
also vanish if one takes a gauge for which d p fj a (xi;m) = at the points X{ where the 
observables are inserted. 

In other words the "bulk" term of the generic correlator - i.e. the top-component 
Zq 2N ^ of the Cech-De Rham cocycle Zd - vanishes with the given action for 2D topo- 
logical gravity. However, our analysis makes it clear that this is not a gauge-invariant 
statement: the "bulk" of the correlators is not a globally defined form on moduli space. 
The higher order cochains Zq 2N ^ in Eq. ( 4.24Q solving the chain of Ward identities (|4.5| ) 



should be included in the evaluation of integral ( f4.20|) over moduli space of the the gauge- 
invariant global form Z global . It is worth emphasizing that in our framework the "contact" 
terms - i.e. the contribution of the higher-order cochains to the integrated gauge-invariant 
correlators - have been uniquely determined by solving the local Ward identities ( |3.4j) , 
Q4.5|) characterizing the functional measure of the theory. 

The solution ([4.24j ) of the Ward identities Q4.5|) simplifies considerably in a gauge in 
which dpf) a {xi', m) = 0. In this case both the top-component Zq 2N ^ and all the descendant 
cochains Z q 2N ^ vanish, with the exception of Z^\ Therefore the integrated gauge- 
invariant correlators 



/ 



global = (_l)iV y f f Z m 



ao<ai...<ajv a 



N(N + 1) 1 

a <a 1 ...<a N 
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(4.31) 



are rewritten, after taking into account Eq. ( 4.19 ): 

J Z-M-l)^ £ I (4,2) 

J M g , n ai <...<a N J OL -a 1 ...a N 

Moreoever in Eq. ( |4.32| ) is d p -closed since the 0-cochains with values in the 

1-forms f(xi) are dp-closed when d p f) a (xi;m) = 0: 

f(xi) = -r—d p log^-(xi;m). (4.33) 

Thus, only the cochains C ai ...a N whose interiors contain points where some A afc vanish 
contribute to the sum (|4.32|) . The integrating factors A afe have zeros at those points in 
moduli space which correspond to degenerate Riemann surfaces. We conclude that, in this 
gauge, the computation of globally defined correlators can be localized at the boundary of 
moduli space of Riemann surfaces. 



5. Relation to the algebro-geometric formulation 



The observables of topological gravity are expected to correspond to certain coho- 
mology classes of M. g , n (the compactification of M. g , n obtained adding curves with double 
points) introduced by Morita 



Mumford |25| and Miller |26] . The intersection numbers 
of such classes have been computed by Konsevitch [p7 |. In this section we will show that 



the Cech-De Rham cocycles ( 4.24 ) we obtained by solving the local Ward identities of 2D 
topological gravity are indeed equivalent to the Mumford-Morita-Miller classes. 

Consider the holomorphic line bundles Li over M. g>n whose fibers are the cotangent 
bundles at the n marked points Xi of the Riemann surface. Let ci(£j) be the first Chern 
class of Li. The expectation ||] is that the global form corresponding to (crn\xi)) be coho- 
mologous to ci(Li) n . Indeed, the Cech-De Rham cocycle {Zq 2 \ Z±\ Z^} corresponding 
to cr|°^(xi) is, by virtue of our general formula (|4.24 ): 



(Z {2) ) 

{ ,a 2m {i-w?y 

(z{ 1) ) ab = (I b a[°\x i )) - <I«<t< 0) (s 4 )>o = ^ (dp log ^ - d p log ± 

fJ-bdpjlb — fibdpUb fJ-adpfia — fiadpHa' 



1 dp/J, a A dpjJLa 



(5.1) 



+ 



\Ha\ 



be 



0. 
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The corresponding global 2-form can be integrated over any 2-cycle of M g , n . If 
C a is a cell decomposition of one has, according to formula (|4.20| ): 



1 d p // a A d p /2 a 



C a 2« (1-1^2)" 
/" 1 , , l^adpfta ~ fiadp^l a 

+ ^ J dCa p iog a: + 

= ?Li^ log i:- 



(5.2) 



The crucial assumption in Eq. (|5.2[) was the smoothness of the Beltrami differentials 

H a {xi;m) at all points in C^ 2 - 1 , including the points corresponding to surfaces with nodes. 

This justifies applying Stokes theorem to cancel L d p^ aAd p^ with the u-dependent part 

Ca (i-l^l 2 ) 

of f dc Zi~\ This regularity condition is natural from the field theoretical point of view, 
since \x a is the expectation value of the reduced metric field g^ u . From the mathematical 
point of view, smoothness of the complex structure at the marked points is a feature of 
the Mumford-Deligne compactification -M g , n of moduli space. 

If M. g ,n were smooth the integral in Eq. (|5.2| ) would equal the number of zeros and 
poles of A a on taken with opposite signs. Since M. g , n is an orbifold, this means 
that the zeros and the poles might have fractional weights corresponding to the order of 
the orbifold singularity. At any rate the integral in Eq. (|5.2|) coincides with the integral 
f C (2) ci(Ci). For, a holomorphic section of Li is given by dZ m = \ a (dz + fx a dz)(xi;m). 
Since the zeros and poles of this holomorphic section are precisely the zeros and poles of 
A a , f cw d{d) = f cw for any . 



6 - (^l^o)g=0 

In this expression, and in the analogous ones describing the other examples we label 
by o"o the fixed points of the Riemann surface that are not associated with any operator. 
Hence by (<7i<7g) s= o we mean the vacuum expectation value of o\ on a sphere with four 
fixed points. This is a 2-form on .Mo, 4- Let X\ be the point on the Riemann sphere where 
o\{x\) is inserted, m the associated complex modulus and Pq = 0, Pi = 1, and P^ = oo 
the points where the do operators are located. 
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Consider a cell decomposition C a , with a = 0, 1, 2, 3 of .Mo, 4 where Cq, C\ and C2 are 
disks surrounding P 0? -Pij an d P2 respectively, and C3 is the closure of the complement in 
-Mo, 4 of U a =o 1 2^"- I n Appendix B, we review the "plumbing fixture" construction and 
show explicitly that one can choose /i a (xi;m) = and f a (%i) = 1^7 log T^fai', to) such 
that 

f a {x 1 )=dB a , for a = 0,1, 2, / 3 (xi) = 0, (6.1) 

where 6> a = arg(m — P a ), for a = 0, 1 and #2 = ar g(^)- 

Taking into account the orientation of C2 with respect to Co and C± , one obtains from 
Eq. (H) 

/ (a^o 3 ) = 1 + 1-1 = 1, (6.2) 

J Mo, A 

in agreement with the dilaton equation. 



7. (o-?<rg) fl = and (a 2 ^) 5=0 

The non-vanishing correlators on .Mo, 5 are 

Z^ = (ala 3 ) and Z< 4 > = (a 2 ^). (7.1) 

.Mo, 5 is parametrized by two complex coordinates mi and m2 representing the posi- 
tions on the complex sphere of the two punctures X\ and x 2 . Let us choose a gauge for 
which ii(xi;m) = for % = 1,2. Thus, as explained in section 4, the non-vanishing terms 
of the Cech-De Rham towers are 

4 2) = ^S(fMfM) and Zi 2) = ±6(f( xi f). (7.2) 

Let us denote by Mi a the hypersurfaces of .Mo, 5, of complex codimension 1 charac- 
terized by the equation mi = _P a , with a = 0,1,2 and Pq = 0, P\ = 1 and P2 = 00. 
Analogously, let A/ija be the hypersurface characterized by the equation m,2 = P a - Finally, 
let be the hypersurface with mi = m,2- 

A generic point in M\ a U Mia. U M represents a 5-punctured complex sphere with one 
node. The nine points m a /3 G .Mo, 5 with mi = P a and m2 = Pp where two or three of 
these hypersurfaces intersect correspond to 5-punctured Riemann spheres with two nodes. 
As explained in section 4, the computation of the correlators can be localized around such 
points. 
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At the points m a p with a^, two hypersurfaces J\f\ a and A/2/3 intersect. Near each 
of these six points, there are only two relevant cells of real codimension two, with torus 
topology, 

Cqab ={|mi - P a | = e, |m 2 - Pp\ = e} 

(7-3) 

C 0CD ={l TO i - -Pal = e j 1^2 - P/3 1 = e} 

where e < e'. 

Coab is the triple intersection of cells Co, and for which the 0-cochain, with 
values in the 1-forms, f a (xi) = j^^p log ^(^j m ) 5 can be chosen to be 

foM = fo(x 2 ) = 

f A (x 1 )=d9 1 , f A (x 2 )=d9 2 (7.4) 
/b(zi) = d6i, /s(x 2 ) = 0, 

with #i = arg(mi — P a ) and Q% = arg(m 2 — Pp). Cqcd is the triple intesection with fo(xi), 
fc(xi) and fo(xi) defined as in Eq. (|7.4|) after exchanging x\ and x 2 . 

From Eq. (|7.2| ) one derives the components of Z\ and Z2 on Cqab and Cocd : 

( Z 2 2) ) 0AB =(Zf , )„ CD =^lArf»2 

(2 <2, ) MB = (Z (2, )o CD = 

Near each of the points m QQ there is, beyond two cells analogous to Cqab and Cqcd-, 
a third relevant cell, 

Cqfd = {\mi - m 2 \ = e, \m 2 - P a \ = e'}, (7.6) 
which is the triple intersection of cells Co C F and Ce, where 

fo(xi) = foM = 

f E (x 1 )=d6 1 , f E (x 2 ) = d9 2 (7.7) 
fF(xi) = !f{x 2 ) = d6 3l 

~ ( 2 \ 

where 63 = arg(mi — m 2 ). From Eq. ( [7.7|) one derives the components of Z 2 and Z2 
on Cqef- 

{Z^) QEF =^(fE(xi)f F (x 2 ) + f F (x 1 )f E (x2)) = l(d6 1 +de 2 )Ad9 3 

=d8 2 A d9 3 (7.8) 
(Z( 2 )) Qi?F = \(2f E {x 1 )f F {x 1 )) = d# 2 A d0 3 , 
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where we took into account that {d0\ — d6 2 ) A d8 s = on Coef- 

To sum the contributions of the various cells to the integrated correlator, we need 
only to take into account the relative orientations of the triple intersections at each of the 
nine points m a p. 

Let us first consider = (of o^). The union of cells of type Cqab U Cqcd give ±1 
for each of the nine points m a p. It is straightforward to verify that the contribution is 1 
for the five points m a p with a, (3 = 0, 1 and a = (3 = 2, and —1 for the other four points. 
The total is 1. The cells of type Coef give instead 1 for m aoi with a = 0, 1 and — 1 for 
a = 2, for a total of 1. Thus, 

/ <^o> = 2, (7.9) 

in agreement with the dilaton equation. 

Only cells of type Cqef contribute instead to = (or 2 0"o), the ones near moo an d 
mn giving 1 each and the cell near m^i giving —1. Hence, 

I (a 2 a 4 ) = 1, (7.10) 

J Mo, 5 

as predicted by the puncture equation. 



8. Conclusions 

We have elucidated an intriguing question arising in the context of 2D topological 
gravity. The Lagrangian that leads to a free superconformal model also leads to a functional 
measure, for which averages of all equivariant observables vanish, locally on the moduli 
space. The non-trivial content of the theory should be encoded in contact terms sitting 
at the boundary of moduli space, but it was not easy to see, in the usual framework, how 
to compute these contact terms directly from the functional integral. We showed that 
the local Ward identities characterizing the dependence of the functional measure on the 
background gauge do capture the contact terms at the infinity in moduli space. Indeed 
the distinction between "bulk" and "contacts" is not a gauge-invariant one. Contacts are 
required precisely for restoring gauge invariance of the (possibly vanishing) "bulk" part of 
the correlators. We have shown that the "bulk" of correlators of equivariant observables 
is not globally defined because of the non-trivial dependence of the observables on the 
superghost. 
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We think that our analysis, beyond providing an intellectually satisfying understand- 
ing of contact terms in the particular context of 2D topological gravity, has a general 
validity and therefore might prove useful in situations where contacts have not yet been 
computed. We are thinking for example of the exotic type topological string models rele- 
vant for 2D QCD [GJ or of superstring models. We also expect that our approach should 
clarify the nature of the holomorphic anomaly discovered in the context of topological 
gravity coupled to N = 2 superconformal models flltf . 



Finally, and more speculatively, the mechanism to implement global BRS invariance 
that we have analysed in 2D topological gravity might be of some relevance to analogous 
global non-perturbative issues associated with the Gribov horizon in 4D non-Abelian gauge 
theories. 
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Appendix A. Proof of Eq. (|4.24|) 



In this appendix we prove formula (|4.24| ) for the components of the co chain Z\ 



r(2N-q). 



(zf N - q) ) = £(-l) fe «/a ...Ia k ... Ia q O)) ao ... aq , (A.l) 

V Ja ...a q fc=Q 

where the check mark above I a , means that this term should be omitted. 



We need to show that 5Zq 2N ^ = d v Z^ x q 1 . One has 
(5Z^ 2N -^) =Y(-1) 1 (Z( 2N -^) . 

V Q /a ...a q+1 ' \ 9 I a . . .ai . . .a q+1 

1=0 



E(- 1 )'((E(- 1 )^0 ■ ■ -4. ■ ■ -4 ■ ■ -Ia g+1 
1=0 k=0 

q + 1 (A.2) 

— ^ ] Ia ■ ■ ■ lai ■ ■ ■ Ia k ■ ■ ■ Ia q+1 \O)) a0 ...ai 

k=l+l 

^ + \_((Ia ■ ■ ■ Ia k • • ■ lai ■ ■ • la q+1 0)) a ...a l ...a q+1 

k<l 

~ ((Ia ■ ■ • Ia k ■ • ■ lai ■ ■ ■ ^a q+1 0) ) a . . .d k . . .a q+1 ] • 



l; ...a 9 _|_i 
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According to the Eq. ( 4.23 ), the functional measure associated with the right-hand side 
of (|A~2T ), that is the measure corresponding to ((. . .)) ao ...d l ...a q+1 - ((■ ■ ■)) ao ...& k ...a q+1 , for a 
suitable choice of the t variables, can be written in the form 



i i +1 i +1 

Yl dUdt'5(t'+ *< _ i)^e- Sa o-«k-*i.-.«, + i(*o.-.t / ,-.ft.-,* 9+1 ) 

i=0, i=£k,l 



i=0, i^k,l 



g >->a ...a k ...a l ...,a q + 



1 (*0>---!*fc>---;t ,---,tq+l) 



Taking into account that 



S-S. 

tk 



Qj.^ ~a ...a k ...a q+ 



1 (t ,...,t k ,...,t q+1 ) = -s J d 2 x(3^(Cy ak fj ) 



we transform ([A. 3 ) into the interpolating measure: 

pi 1+ 1 1+ 1 pi 

/ ]] dtidt'5(t'+ J2 dut> 

s [ d 2 x^ u (C,f }G - £ ^ )H e -^o...a g+1 (*o J ... J (i-u)t',..^',..,t 9+1 ) 



i=0 i=0 



Therefore we can rewrite ( |A.2|) as follows: 



(«r-") ao ...„ +1 =E(- i ) ,+ ' , ((['' / ^(c^-c^r 

k<i J 



Ia ■ ■ ■ Ia k ■ ■ ■ Ia t ■ ■ ■ la q+1 



ao...a q+ i 



= J2(-l) l+k d p (( J d 2 x/3 fMU (C, ak f) ~ Cv ai mY U Ia ...Ia h 



k<l 

■ ■ Ia t ■ ■ ■ la q + 1 



ao...a g _|_i 



+ K 1 ^ - I ai )Sa ...a q+1 } Sl a0 ... L k 



k<l 



(A.3) 



(A.4) 



(A.5) 



which, after the relabelling (1 — u) t' — > tk and ut' —* ti, becomes 
19+1 / q+1 f 

Y[dU6(J2u-l) s / d 2 xl3^{C iJak f ]0 -C i]ai f l0 Y v e -s Q0 ... aq+1 (to,..,t 9+ i)_ (A6) 



(A.7) 



■ • • lai ■ ■ ■ la q + 1 0)) ao...a q+1 

where we first made use of the Slavnov- Taylor identity (|2.22| ) (ii), then substituted g^ v 
with f) tJ,l/ and finally took into account the equations 



Ia k>l S ao ...a q+1 — J d X f3^ v [Cy ak ^Cj) 
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Integrating by parts the operators I ak and I ai in (|A.7| ) we obtain 



aQ...a q+ i 

k<l 



. . . I ai . . . I aq+1 0)) a ...a q+1 
+ J2(-l) l+k (((Ia k -I ai )sI ao ..J ah 

k<i (A.9) 

. . . I ai . . . I aq+1 0)) a ...a q+1 

= ^(-l) l+k ((({s,Ia k }-{sJ ai })Ia ...ia h 
k<l 

. . . I ai . . . Ia q+1 O))a ...a „ + i • 



l l " " "q+l / /«0---«g+ 

Now, {s,I a } is easily computed to be: 

d 2 x [(r't&Oc) -dc^(x) + £ c <(x))^ r (x) 



(A.10) 



which is a functional partial differential operator that commutes with any If,. Hence, we 
obtain from ( |A.9j ) the desired result: 

(^r-") O0 ... o , + r E(-D' El- 1 )***!". w» ■ • 

• • • Iai • ■ ■ la q+1 0)) aQ ,,, aq+1 

V feSti (A.11) 

• ■ • -^a fe ■ • • la q+1 0)) a ...a q+1 

= (l ao ■ • .J ai • • ./a, +1 0)»ao...a, +1 

Z 

= 1) ((/ ao • ■ • Iai • ■ ■ Ia q+1 O)) a0 ... aq+1 , 

I 

where, in the second term in the right-hand-side of the first identity, we have exchanged k 
with / and the order of the two sums. 



Appendix B. The plumbing fixture 

We consider a cover of .Mo, 4 consisting of three open disks U a , with a = 0,1,2, 
centred around the three punctures P a . The radius of these disks will be determined in 
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the following. A cell decomposition is obtained from this cover by taking C a with a = 0, 1, 2 
to be proper closed subsets of U a , and C3 to be the closure of the complement of Cq UCi UC2. 
On the open patches U a we consider maps : (z a , z a ) 1— > (Z m , Z m ) 

= K 1 o F qa(m) o h a , (B.l) 



which carry from the coordinates x a to isothermal coordinates ( |3.11 ); h a (z a ) are conformal 
maps of the complex sphere, and F q (z, z) is defined by 

F q (z,z) = V fi(1 " |2|2) - (B.2) 
9r(x) is a regularized step function, interpolating smoothly between and 1: 

with < C < 1. F q is a smoothened version of the quasi-conformal map which defines the 
plumbing-fixture construction. 

The plumbing- fixture parameters ? a (m) are determined in terms of the holomorphic 

h a - 

, . h a (m) , x 
9aH = 7T1, B.4 

where x\ is the position where the o\ operator is inserted. h a are chosen to be: 

( z, if a = 0; 
^(2) = \ z-1, if a = 1; (B.5) 




It is necessary that 

^\P a ) = P a and =m (B.6) 

for the maps to define isothermal coordinates corresponding to the complex structure 
m. It is straightforward to verify that Eqs. (|B.6| ) are satisfied as long as 

maxjlaalMaa-ll 2 , — - \ } < C. (B.7) 



We can meet this condition by choosing, for concreteness, x\ = 1/2 + i\/2/2 and C = 3/4. 

The . 
equations 



The open sets U a of .Mo, 4 on which the maps are invertible are defined by the 



< |<? a (ra)| < Rq = exp 



1 



_sup x > (2xd R (l-x)) 



(BA 
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It is important that Rq > 1 for U a U a to cover the whole .Mo, 4- It is not difficult to check 
that in our concrete example we can take Ro = 2/ a/3. Then, the three open sets which 
cover .Mo, 4 are explicitly 

/3 

U Q = {m : \m\ < 1}, Ui = {m : \m - 1| < 1}, W 2 = {m : |m - 1/2| > -^7=}. (B.9) 

2v 2 

The Beltrami differentials fi a (z a ,z a ;m) = d ^ / d ™ vanish identically at the point x±: 

^ a (xi;m) = 0, \/meU a . (B.10) 

The integrating factors X a (z a , z a :m) = o m evaluated at the point xi are 

g for a = 0; 
x , , ^g^)^, I 1^ fora = l; 

A a (xi;m) = - — — L = < 1 ! (B.ll) 



(logfca)^ 



m - 



2 



j- for a = 2. 



Thus, by taking C a C U a for a = 0, 1 and 2, one obtains f a (xi) = d9 a , as stated in Eq. 
(|6TT|). On the complement of Co UCi UC2, X a { x i'i m ) has neither zeros nor poles, and hence 
we can equivalently set fz{xx) = 0. 
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